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Abstract. We study a mechanical system that consists of a 2D rigid body immersed in an 
unbounded volume of perfect fluid. The body is controlled by two internal point masses. The 
fluid's influence manifests itself through the added mass effect and dissipation (whose 
magnitude is small) described by the Rayleigh dissipation function. These assumptions allow 
for an analytical study of the problem using the small parameter method. Indeed, the 
unperturbed system (no dissipation) has, according to the Noether's theorem, a complete set of 
integrals of motion. For a fixed value of the integrals, the equations of motion reduce to a 
non-autonomous system of ordinary differential equations. The controllability of the system is 
then studied. In the presence of small dissipative friction these linear in velocities integrals 
(given their evolution is slow and can therefore be determined via a standard averaging 
procedure) can still be used to adopt non-dissipative strategies for the dissipative case. 
 
1 INTRODUCTION 
A body can propel itself through a liquid provided there is a mechanism of energy transfer 
between the body and the liquid. In the case of a viscous liquid the mechanism (of course, 
apart from jet propulsion and its kind) is well known -  superficial friction and vortex 
shedding (e.g. from the tip of a fish's fin). In spite of the obvious importance, there are quite a 
few mathematically rigorous results (most results in the field have been obtained via computer 
simulations). In this connection a mention should be made of the famous paper [1], the 
classical texts of Taylor [2,3] and the book [4].  
 It is well known that in a perfect liquid the equations governing the motion of the 
immersed body decouple from the equations of motion of the liquid. This decoupled system 
of ODEs (Kirchhoff equations) looks more preferable and attractive for mathematical 
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treatment (since there is no need in solving the Navier-Stokes equations etc.). However, in 
this perfect realm there is no friction and no vortex shedding meaning that any body-liquid 
energy transfer (at least at the first glance) is hardly feasible. Many researches overcome this 
difficulty by postulating the vortex shedding [5,6]. Here a question arises: Is vorticity 
absolutely necessary for a body to be able to propel itself through a perfect fluid? The answer 
is no as it was shown in [7], where a deformable sphere was proved to be able to travel a 
considerable distance by suitably varying its radii. Moreover [8], thanks to the added-mass 
effect a body even with  rigid surface and no moving external parts can take itself as  far from 
its original location as one wishes by redistributing masses inside the body. In this paper we 
extend the results of [8,10] and offer a control strategy for a body immersed in a resistive 
medium.  
 
2 PROBLEM STATEMENT 
Consider a 2D rigid body moving in an infinite immense of incompressible perfect fluid 
resting at infinity. There are no other external forces and torques acting on the body except for 
the hydrodynamic reactions, which manifest themselves through the added-mass effect and 
small dissipative force  described by the Rayleigh dissipation function R  (  is a small 
parameter). The body is controlled by two internal masses that move along circles. Their rates 
of rotation  and 1( )t 2 ( )t  are the control inputs for the system. The governing equations 
read: 
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where is the kinetic energy of the system, T uv  and   are the components of the absolute 
velocity of the body's center and the angular velocity of the body (Fig. 1a). Both T  and R  are 
quadratic forms in  and uv , that is,  
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Here ( )i i   are the coordinates of an i-th point and  
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The constant coefficients ,  and b include the mass (and the added massses) of the 
body and its moment of inertia (and the added moment of inertia). We assume that 
  
1a 2a
2 1 2 1 and .a a c c 
 2
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The system of equations (1) should be augmented with trivial kinematics 
cos sin sin cos ,x u y u            v v  
which together with (1) constitute  a complete set of equations governing the 
body+masses+fluid system. Our goal is to design an effective way for steering the body 
through an appropriate choice of the control inputs 1( )t  and 2 ( ).t  
 
Figure 1. a) 2D body with two internal masses, b) almost rectilinear path of the body's center as the masses 
uniformly rotate in the opposite directions ( 1 2 1 2( ) ( ) , (0) (0) 0t t          ). 
3 NO-FRICTION CASE ( 0  ). 
In this case, assuming the body to be initially at rest, equation (1), admit three Noether 
integrals of motion: 
1 1 2cos sin , sin cos
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Assuming the system to be initially at rest leads to 0,if   which in its turn gives 
 0 0T T T
u 
        v  
Solving these equations for  and uv   and substituting the result into the kinematic 
equations yield what is known as a control-affine system: 
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Here, for example, 
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Provided that the body is hydrodynamically non-symmetric (meaning that the body is 
essentially prolate, i.e. ), the system satisfies the conditions of the Rashevsky-Chow 1a a 2
[9] theorem and thus is fully controllable [10]. Some effective gaits can be found to prove that 
the body can be driven to any desired position. For example, when the masses go 
synchronously  in opposite directions the motion of the body's center is practically 
rectilinear (Fig.1b).  
4 DISSIPATIVE CASE ( 0  ) 
This case presents an intriguing interplay between the viscous friction and the friction 
proportional to the acceleration (added-mass effect). Now the body can obviously propel itself 
even with its added masses being equal [11]. In particular, moving the masses synchronously 
in the opposite directions no longer produces the path  1 2 1 2( ) ( ) , (0) (0) 0t t         
depicted in Fig. 1b – the actual path will gradually deflect to the right as shown in Fig.2. Next 
we evaluate necessary corrections to the functions 1( )t  and 2 ( )t  for the path to remain 
almost rectilinear.  
 
Figure 2: The path of the center of the body generated by the input 1 2( ) ( )t t t      in the dissipative and 
non-dissipative cases. 
Suppose that for 0   periodic inputs  and  (e.g. ) 
generated a path 
(0)
1 ( )t
) (0)( ),
(0)( )2 t
(0) ( ).
(0) (0)
1 2( ) ( )t t    t
(0) ( ), (0) (0) (0( ), ( ), ( ),x t y t t u t t tv  For 0  1P the functions  and 
from (2) are no longer conserved, that is,  2P
 4
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   1 1 2 2 1 2( ) cos sin , ( ) sin cosP t uc c P t uc c          v v  (4)
Now we plug our unperturbed ( 0  ) path into these equations but leaving ( )i t  
unchanged. Note that, by virtue of (3) and the kinematic relations, the functions 
(0) (0) (0) (0)cos(sin) ( ), ( ), ( ), ( )t u t t t v are periodic and the period is that of  Averaging 
the right-hand sides of (4) gives 
(0) ( ).i t
1 1 2, ( ) ,p t P t p t2( )P t   where the constants ip are the 
corresponding mean values. Solving the two last equations for  yield a bulk 
but structurally simple system of equations  
1( ) and t 2 ( ) t
   , , , ,1 2F t       (5)
The solution to this system can be found in the form where  
is the first approximation to the sought-for corrections. For the rectilinear motion in Fig. 2 the 
corrected inputs generate a path (not depicted in the Figure) which is somewhat intermediate 
between the viscous and the perfect paths. 
(0) (1)( ) ( ) ( ),i t t    t (1) ( )t
Thus, path-planning control in the presence of small dissipation can be implemented as 
follows: 1) obtain the zeroth approximation by solving the problem for (0) ( )i t 0,   2) then 
insert the result into slowly evolving functions , which, on averaging, produce the system 
(5), which can then be solved to obtain the necessary corrections  to the zeroth  inputs 
.  
( )iP t
(1) ( )i t
(0) ( )i t
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